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Linear Algebraic Groups

Let F be a field, char(F) 6= 2. A linear algebraic group is a covariant
functor

G : AlgF → Grp

R 7→ HomF(H,R)

where H is a finitely presented F-Hopf algebra.
A homomorphisms of linear algebraic groups are natural transformations

ϕ : G1 → G2

ϕ(R) : G1(R)→ G2(R).



Examples
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 1
...

1

 ,Ψ2n =

[
Ωn

−Ωn

]

Split

SLn(R) = {B ∈ Mn(R) | det(B) = 1}
SOn(R) = {B ∈ Mn(R) | BΩnB

TΩn = I , det(B) = 1}
Sp2n(R) = {B ∈ Mn(R) | BΨ2nB

TΨ2n = I}

Non-split

SL(A)(R) = {a ∈ A⊗F R | Nrd(a) = 1}
SO(A, τ)(R) = {a ∈ A⊗F R | a · τ(a) = 1,Nrd(a) = 1}

Sp(A, ψ)(R) = {a ∈ A⊗F R | a · ψ(a) = 1}

A is a central simple F-algebra, τ an orthogonal involution, ψ a symplectic
involution.



Split Types B, C, and D

Bn Cn

Spin2n+1 Sp2n

SO2n+1 = PSO2n+1 PSp2n

Dn
n even

Dn
n odd

Spin2n Spin2n

SO2n HSpin2n SO2n

PSO2n PSO2n

n even: Z (Spin2n) ∼= µ2 × µ2. n odd: Z (Spin2n) ∼= µ4.



Non-split Types B, C, and D

Bn Cn

Spin(A, τ) Sp(A, ψ)

SO(A, τ) = PSO(A, τ) PSp(A, ψ)

Dn
n even

Dn
n odd

Spin(A, τ) Spin(A, τ)

SO(A, τ) HSpin(A, τ) SO(A, τ)

PSO(A, τ) PSO(A, τ)



Galois Cohomology and Central Simple Algebra

Let Γ = Gal(Fsep/F).
We use the Galois cohomology sets H1(F,G) := H1(Γ,G(Fsep)).
If A is an F-c.s.a of degree n, then A⊗F Fsep

∼= Mn(Fsep).

H1(F,PGLn)↔
{

isomorphism classes of
F-c.s.a. of degree n

}
[α] 7→ [Mn(Fsep)Γα ]

Normal action: σ([aij ]) = [σ(aij)]
Twisted action: σ ·α [aij ] = ασ([σ(aij)]).

H1(F,PSOn)↔ {isomorphism classes of (A, τ)}
H1(F,PSp2n)↔ {isomorphism classes of (A, ψ)}.

For each c.s.a. A, we choose a cocyle α and identify A = Mn(Fsep)Γα .
Same for (A, τ) and (A, ψ).



Galois Cohomology and Adjoint Groups

Consider (A, τ) = (Mn(Fsep),Ω∗n)Γα with cocycle α. There are actions Γ
on PSOn(Fsep) = AutFsep(Mn(Fsep),Ω∗n)

Normal action: σ(ϕ) = σ ◦ ϕ ◦ σ−1

Twisted action: σ ·α ϕ = ασ ◦ σ ◦ ϕ ◦ σ−1 ◦ α−1
σ .

PSOn(Fsep)Γα = AutF(A, τ) = PSO(A, τ)(F)



Galois Cohomology and Adjoint Groups

(A, τ) = (Mn(Fsep),Ω∗n)Γα with cocycle α.

For R ∈ AlgF, take the image ασ 7→ α′σ via
PSOn(Fsep)→ PSOn(R ⊗F Fsep). We act Γ on PSOn(R ⊗F Fsep)

Normal action: σ(x) = x ′, where x ′ : HPSOn

x→ R ⊗F Fsep
1⊗σ→ R ⊗F Fsep

Twisted action: σ ·α x = α′σσ(x)α′−1
σ .

PSOn(R ⊗F Fsep)Γα = PSO(A, τ)(R)

Similarly: (A, ψ) has cocycle β, then

PSp2n(R ⊗F Fsep)Γβ = PSp(A, ψ)(R).



Galois Cohomology and Other Linear Algebraic Groups

(A, τ) = (Mn(Fsep),Ω∗n)Γα with cocycle α.

If Gn is any split group isogenous to PSOn, then Gn � PSOn has a
central kernel. We can define an action of Γ on Gn(R ⊗F Fsep)

Gn(Fsep) � PSOn(Fsep) is surjective, so we may choose elements aσ lying
over ασ. Then consider the images aσ 7→ a′σ via
Gn(Fsep)→ Gn(R ⊗F Fsep).

Normal action: σ(x) = x ′ where x ′ : HGn

x→ R ⊗F Fsep
1⊗σ→ R ⊗F Fsep.

Twisted action: σ ·α x = a′σσ(x)a′−1
σ

Gn(R ⊗F Fsep)Γα = G(A, τ)(R)

Similarly: (A, ψ) has cocycle β, then

Sp2n(R ⊗F Fsep)Γβ = Sp(A, ψ)(R).



Split Tensor Product Maps

For R ∈ AlgF, we consider

Mn(R)×Mm(R)→ Mnm(R)

(B1,B2)→ B1 ⊗ B2

restricts to group homomorphisms

SOn×SOm → SOnm

Sp2n×Sp2m → SO4nm

By a theorem of Borel and Tits, these maps will lift to

Spinn×Spinm → Spinnm
Sp2n×Sp2m → Spin4nm

By understanding the images of these maps explicitly, when n or m is even
we can define maps

PSO2n×PSO2m ↪→ HSpin4nm

PSp2n×PSp2m ↪→ HSpin4nm



Non-split Tensor Product Maps

There is also a natural tensor product map

(A1, τ1)× (A2, τ2)→ (A1 ⊗F A2, τ1 ⊗ τ2)

(a1, a2) 7→ a1 ⊗ a2

This also restricts to/induces a map

SO(A1, τ1)× SO(A2, τ2)→ SO(A1 ⊗F A2, τ1 ⊗ τ2)

Similarly

Sp(A1, ψ1)× Sp(A2, ψ2)→ SO(A1 ⊗F A2, ψ1 ⊗ ψ2)



Non-split Tensor Product Maps

(A1, τ1) with cocycle α1, (A2, τ2) with cocycle α2, and (A1 ⊗F A2, τ1 ⊗ τ2)
with cocycle β.

Conveniently, for the previous maps, the map on R ′ = R ⊗F Fsep points is
Γ-equivariant.

HSpin4nm(R ′) HSpin4nm(R ′)

PSO2n(R ′)× PSO2m(R ′) PSO4nm(R ′) PSO4nm(R ′)

a′ b′

(α′1, α
′
2) α′1 ⊗ α′2 β′



Non-split Tensor Product Maps

Then we can restrict to fixed points

PSO2n(R ′)Γα1 × PSO2m(R ′)Γα2 ↪→ HSpin4nm(R ′)Γβ

which gives

PSO(A1, τ1)× PSO(A2, τ2) ↪→ HSpin(A1 ⊗F A2, τ1 ⊗ τ2)

Similarly, we can construct

PSp(A1, ψ1)× PSp(A2, ψ2) ↪→ HSpin(A1 ⊗F A2, ψ1 ⊗ ψ2)



Applications

Using the split map PSp2n×PSp2m ↪→ HSpin4nm with results of
Bermudez-Ruozzi and Merkurjev, it is possible to compute

Inv3(HSpin4d ,Q/Z(2))

the group of degree three cohomological invariants. These are functors
H1(−,HSpin4d)→ H3(−,Q/Z(2)).

Bermudez-Ruozzi: Inv3(HSpin4d ,Q/Z(2))ind

Merkurjev: Inv3(PSp2n,Q/Z(2))ind and also Inv3(PSp(A, ψ),Q/Z(2))ind

The hope is that
PSp(A1, ψ1)× PSp(A2, ψ2) ↪→ HSpin(A1 ⊗F A2, ψ1 ⊗ ψ2) will be fruitful
in computing

Inv3(HSpin(A, τ),Q/Z(2)).



Thank You




