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Corestriction

e Riehm: “The Corestriction of Algebraic Structures” (1970)

o K/F a finite separable field extension.
o For a K-object X, functorially assigns an F-object Cor(X).
o For central simple algebras, we get a diagram

Br(K) —— H?(Gal(Fsep/K)

J[Cor] lcor

Br(F) —— H?(Gal(Feep/F), FLp)

) sep)



Norm for Etale Extensions

e Knus & Ojanguren: “A Norm for Modules and Algebras” (1975)
S/R a finite étale ring extension.

Define a functor Ng,g: S-Mod — R-Mod.

olf S=Rx...x R, an S5—module is My x ... x My, and

o

e}

NS/R(MlX---XMd):M1®R---®RMd

o

Since S/R is finite étale, the general case is obtained from above
by faithfully flat descent.

Ns,/r also preserves Azumaya algebras and induces a
homomorphism Br(S) — Br(R).

o



Ferrand’s Norm Functor

e Ferrand: “Un Foncteur Norme" (1998)
o S/R a finite locally free extension of rings.
o Defines a functor Ns/r: S—Mod — R-Mod which generalizes
the previous two constructions.
o The construction does not use descent, instead based on
polynomial laws.

For two R—modules My, M>, a polynomial law between them is a natural

transformation
v W(Ml) — W(Mz)

where W(M) is the functor

W(M): Algp — Ab
R Mg R



Ferrand’s Norm Functor

Since S/R is finite locally free, we have det: S®g R' — R’ and a
polynomial law

norm: W(rS) — W(R)
s®@r s det(s®r').
e Properties of Ns/g:

o For M € 5-Mod, there is a polynomial law
vm: W(rM) — W(Ns,r(M)) satisfying

vm((s @ r')m’) = norm(s @ r')vp(m').

o v is universal. If v/ W(gM) — W(M’) is also “norm
semi-linear” then 3! R—-module map ¢: Ns/g(M) — M’ such
that v/ = povpy.



Ferrand’s Norm Functor

e Properties of Ns/g:
o Ns/r(S) = R and vs = norm.
o lf S=Rx...x R, then
NS/R(MI X ... X Md): M; ®r ... ®r My and

I/M(ml,...,md):m1®...®md.
o For R" € Algr and M € S-Mod,

N(5®RR')/R'(M ®R Rl) = NS/R(M) ®R Rl.



Setting over a Scheme

Let S be an arbitrary base scheme.
o Work with sheaves on Gcbhg for the fppf topology.

o Modules, algebras, etc., are over

O: Gehs — Ab
T Or(T).

In this context: An O-module M: Gchg — 2Ab is quasi-coherent if and
only if for every morphism V — U € Gchg where U, V are affine schemes,

M(V) = M(U) @ou) O(V).



Globalizing the Norm Functor

Let f: T — S be a finite locally free morphism of schemes.
= VS € &b,
O(S') = O(T x5 S

is a finite locally free ring extension. This means we have a norm natural
transformation

norm: £,(O|7r) = O.

We want to define a functor N7 ,5: Q€ah 1 — QCohg which generalizes
Ferrand’s norm.

Lemma (Stacks Project Tags 021V, 03DM)

There is an equivalence of categories between sheaves on Gchg and
sheaves on Uffs which preserves quasi-coherence.




-
Globalizing the Norm Functor
For M € QC€obh 1, define

NT/S(M)Z Qlffs — 2Ab
U = No(rxsuyow)(M(T xs U)).

which will be a quasi-coherent sheaf due to the properties of Ferrand's
norm.

Furthermore, the universal polynomial laws
Um(Txsu): WlowyM(T xs U)) = W(No(rxsu)/0w)(M(T xs U)))
assemble into a natural transformation v : (M) — N7, 5(M) satisfying
g (m) = norm( ) (m)

for all t € £.(O|7) and m € f,(M).



Properties of the Norm Functor

We get a sheaf N7, 5(M): Gchs — 2Ub and a natural transformation
Upm: f:k(./\/l) — NT/S(M)
o Nt,s(M) is quasi-coherent by construction.
o v is universal. If M" € Q€ohg and v: f,(M) — M’ with
v(tm) = norm(t)r(m), then 3! O—module morphism
@: Ny/s(M) — M’ such that v = p o vy,
olf T=SU...US then

N7/s(My,...,Mq) = M1 ®0 ... 20 Mgy.

Furthermore, if T — S is a finite étale cover of degree d, then

o M finite locally free of rank r = Nt ,s(M) finite locally free of rank
rd.
o Ais an Azumaya O|r-algebra of degree r = N7 ,5(A) is an

Azumaya O-algebra of degree r?.



The Norm Stack Morphism

We get a functor N1 /s: Q€ohr — QCoabs.

Analogously, for any S’ € Gchg, we get a functor

NiTxssry s s Q€ob 1, s — Q€obg. These fit together into a morphism
of stacks.

Let p: QCohg; — Schs be the stack with objects (T — S', M) where
o T'— S’ is a finite locally free morphism in Schs,
o M’ is a quasi-coherent O|/—module,
o p(T'—=>8S M)=5.

We have a norm stack morphism

N: Q@Uhﬂf — DQ:U[]
(T/ = Sl,M,) = (5/, NT//SI(M/)).




Cohomology of the Norm

Lemma (Giraud “Cohomologie non Abélienne™)
If o2 § — & is a morphism of gerbes over Gchg and x € §(S), then the
associated group homomorphism ¢*: Aut(x) — Aut(p(x)) induces the
following map on cohomology
H(S, Aut(x)) — H(S, Aut(p(x)))
[T [p(x')]

since H*(S, Aut(x)) = {Isomorphism classes in F(S)} and
H(S, Aut(p(x))) = {Isomorphism classes in &(S)}.




-
Cohomology of the Norm

Consider the groupoid 91007t of

o pairs (T — S, M) where T — S is finite étale of degree d and M is
a locally free O|7—module of rank r,

o morphisms (g,¢): (T' - S,M') - (T — S, M) where g: T" - T
and p: M = g*(M).

Then Aut(S%¢ — S, 0]%,,)) = (GL,)? x Sq.

M09t is equivalent to the category of ((GL,)? x Sy)—torsors.



-
Cohomology of Modules

The norm gives a functor N: Mod9 ¢ — 900,4 and
Nsus s(Ol5uq) = (07) = 0",
The homomorphism between automorphism groups is the Segre embedding
Seg: (GL,)Y % Sg — GL,q4

which sends (Bi,...,By) = B1 ® ... ® By, the tensor of linear maps, and
sends o € Sg to the permutation of the tensor factors of O™ = (OF)®4.

The induced map on cohomology is

HY(S, (GL,) x Sq) — HY(S,GL,q4)
[(T = S, M)] = [N7/s(M)].



-
Cohomology of Azumaya Algebras

Similarly, we get a functor N: 3u® — Azu,q4 and

N(SY = S, M,(O|sud)) = M,q(O)

r

with associated group homomorphism

PSeg: (PGL,)? x Sy — PGL,q.

Its map on cohomology is

H(S, (PGL,)? x S4) — HY(S,PGL,q)
(T = S, A)] = [N7/s(A)].



-
Restricting the Segre Embedding

The Segre embedding (PGLy,)?9 x Spy — PGL 2 restricts to

(PSpy,)°? X Sg = PGO )2
and in the case r =1, d =1 this yields an isomorphism

(PSp,)? x Sy =+ PGO,.



|
A1><A15D2

e Type A; x Ar:
o Objects are (T — S, Q) where T — S is étale of degree 2 and Q
is a quaternion algebra.
o Since PGLy =2 PSp,, these are ((PSp,)? x Sp)-torsors.
e Type Dy:
o Objects are (A, o, ), Azumaya O-algebras of degree 4 with a

quadratic pair (o is an orthogonal involution and f: §m 4, — O
is a linear map).

o Morphisms are ¢: (A,0) — (A’,0’) such that f o p = f.
o These are PGO4—torsors.



A1><A15D2

The norm gives an equivalence of categories (more generally of stacks)

N: A1 X Al — D2
(T—S5,Q)— (Nr/s(Q),0', ).

This is a generalization of §15.B in The Book of Involutions where they
use the norm for étale extension of a field. A similar result over schemes
appeared in a paper by A. Auel where it was assumed 2 € O(S)*.
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